ABSTRACT
INTRODUCTION
The change in Gibbs free energy G during a hybridization reaction between Watson-Crick-complementary single stranded oligonucleotides provides a measure for the stability of the resulting duplex (e.g. Atkins and de Paula, 2002) . Knowing the stability and its dependence on reaction conditions and properties of the oligonucleotide is crucial when attempting the design of PCR (Polymerase chain reaction) primers (e.g. Haas et al., 1998) or probe selection for microarrays (e.g. Rahmann, 2002) , and is also important when designing molecular computers, i.e. sets of molecules that are able to perform certain types of computations (e.g. Winfree et al., 1996) . * To whom correspondence should be addressed. † Present address: Genome Informatics, Faculty of Technology, University of Bielefeld, D-33594 Bielefeld, Germany.
The nearest neighbor (NN) model (see SantaLucia, 1998 , for an overview and Allawi and SantaLucia, 1997 , for the widely accepted unified parameter set) provides a computationally easy and relatively accurate way to predict G for a given oligonucleotide under given reaction conditions.
In the present work, we are not interested in predictions for particular DNA sequences, but would like to learn the typical range of G for sequences of given length and given average GC-content. Therefore, we combine the nearest neighbor model with an appropriate stochastic sequence model (Section 2) and derive analytical results about the G distribution (Section 3). Applications are discussed in Section 4.
MODELS
We first describe a frequently used model, the NN model, to compute thermodynamic properties of oligonucleotides. Then we specify a model of 'typical' oligonucleotides of given length with a given average GC-content.
The nearest neighbor model
Since an oligonucleotide duplex is more stable than the two single strands, the Gibbs free energy decreases during hybridization. We write G(x; τ , σ ) for the change in Gibbs free energy when oligonucleotide x hybridizes to its Watson-Crick reverse complement at constant temperature τ (in Kelvin) in a solution with a sodium (Na + ) concentration of exp(σ ) M [thus in a 1 M solution, we have σ = ln(1) = 0].
At constant temperature, the Gibbs free energy difference can be expressed as
where H denotes enthalpy change and S denotes entropy change. For details, see Atkins' reference work on physical chemistry (Atkins and de Paula, 2002) . 
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Owing to symmetry constraints, the values for a dinucleotide equal the values for its reversed complement. According to Equation (1) . 'LinError' shows the maximal relative error incurred by the linear approximation for 0 ≤ γ ≤ 1. One remarks that the linear approximation is quite accurate for H and S, but less so for G due to cancellation effects. Nevertheless, since the tabulated values are only accurate to 1%, the linear approximation is sufficient for practical purposes.
The NN model (SantaLucia, 1998 , gives an overview) postulates that both H (x) and S(x; 0), and hence also G(x; τ , 0), may be written as a sum of individual terms for each dinucleotide,
Here λ denotes the length of x in nucleotides, H i depends only on the dinucleotide (x i , x i+1 ), and H init is a sum of two terms, the first of which depends only on x 1 and the second of which depends only on x λ . Thus, knowing the first and last nucleotide of x and number of occurrences of each of the 16 dinucleotides in x suffices to compute H (x), and similarly S(x; 0) and G(x; τ , 0). The so-called 'unified parameter set provides S and H values that are widely agreed upon for each type of dinucleotide. This parameter set was established by Allawi and SantaLucia (1997) and is shown in Table 1 . According to the same reference, only the entropy term S(x; σ ) additionally depends on the salt parameter σ . For σ = 0, we compute S(x; 0) as a sum over dinucleotides as in Equation (2). For σ = 0, this value is modified by adding 0.368 · σ cal/(K·mol) per dinucleotide in x, i.e.
S(x; σ )
This salt correction only applies over a range of 0.05 to 1.1 M monovalent, i.e. approximately for σ ∈ [−3, 0.1].
Using Equations (1)- (3), we can estimate the change in Gibbs free energy for any fixed oligonucleotide x under specified reaction conditions.
The random sequence model
In this work, we are less interested in the Gibbs free energy of a particular oligomer than in 'typical' values of G for given oligomer length λ and GC-content γ at a specified temperature τ and salt concentration σ . The length λ of the oligomers is measured in nucleotides and the GC-content is a real number 0 ≤ γ ≤ 1. Technically, a sequence of length λ = 20 can only have a GC-content of γ = 0.00, 0.05, 0.10, etc. but in order to combine any value of γ with any value of λ, and since we want to estimate typical G values, we switch to a stochastic generative model. In other words, we do not view the GC-content as a function of the sequence. Instead, for a given value of γ , we assign a probability to each sequence of length λ: Each nucleotide is identically distributed and drawn independently, with the probability of A and T being (1−γ )/2, and the probability of C and G being γ /2. Let us denote the probability measure of this model by P λ,γ . Suppose that x is an oligonucleotide with n A occurrences of A, n C occurrences of C, etc. with n A + n C + n G + n T = λ. In this model, x has a probability of
of being generated. The typical sequences in this model have a GC-content close to γ .
Consider a random sequence X λ,γ generated according to P λ,γ . We denote random variables by capital letters and their actual value by corresponding lowercase letters. The randomness of X λ,γ implies that functions of X λ,γ , especially G(X λ,γ ; τ , σ ), also become random variables. To simplify notation, we denote the whole parameter vector by θ := (λ, γ , τ , σ ) and write G θ := G(X λ,γ ; τ , σ ), H θ := H (X λ,γ ), and S θ := S(X λ,γ ; σ ) for the random variables of interest. The purpose of this paper is to make a statement about the distribution of G θ .
RESULTS
We show that the distribution G θ can be well approximated by a Gaussian distribution. In particular, expectation and variance succinctly describe the whole distribution of G θ . We obtain formulas for both expectation and variance.
G θ,i and do so analogously for H θ and S θ . The init-term corresponds to the (random) sum of the initialization values for both ends of the oligomer, while G θ ,i represents the (random) contribution of the dinucleotide (X i , X i+1 ). We have
Note that the i-th term and the j -th term are statistically independent whenever |j − i| > 1, but the i-th and (i + 1)-term are dependent because they share a common nucleotide X i+1 . Hence, G θ ,i forms a 1-dependent sequence, where each term has the same distribution. As λ grows, the influence of the init term diminishes. By the central limit theorem for 1-dependent sequences (e.g. Orey, 1958) , the limiting distribution of G is Gaussian for λ → ∞. Inspection shows that the approximation is already reasonably good for typical oligonucleotide lengths.
Result 2. In the NN model with the unified parameter set from Allawi and SantaLucia (1997) and the Bernoulli random sequence model described above, the average H , S and G contribution of each dinucleotide depends almost linearly on the GC-content γ (Table 1, rows labeled 'Av(γ )' through LinError').
Derivation.
True average values are obtained by weighting each row by the average occurrence frequency of the dinucleotide (set) corresponding to the row (shown in the last column of Table 1) . Clearly the average H , S and G can be expressed as a quadratic polynomial in γ . A least-squares fit of these polynomials for 0 ≤ γ ≤ 1 reveals that they can be well approximated by linear functions in this domain.
It is fortunate that a relatively accurate linear approximation in the GC-content γ is possible. This feature is a property of the particular set of NN parameters for DNA duplexes.
As a counter-example, Xia et al. (1998) found that in RNA, the stability does not closely follow a linear function of the GC-content. (3), this term equals the (linear approximation to) the average S value in Table 1 plus the salt correction term of 0.368 · σ . Summing, we obtain
Derivation. By linearity of expectation, E[G
which leads to the stated result.
Result 4. The variance of G θ is a quadratic polynomial in the temperature in Kelvin τ , whose coefficients are linear polynomials in λ, whose slope and intercept are (at most) 4th order polynomials in the GC-content γ . The formula is given in Table 2 , Equation (5).
Derivation. First note that the variance does not depend on the salt parameter because σ occurs only as an additive constant in S. From Equation (1) and the variance-covariance formula we know that Var [G θ 
The three components are
The individual terms are (Multiply all of the above by 10 3 )
The subscript θ has been dropped in the table for notational convenience. Using the linear approximation (Result 3) leads to errors of <1% in these examples. The predicted standard deviation (the square root of Equation (5) in Table 2 ) agrees well with the empirical standard deviation.
polynomials. Summing over all components gives the stated result.
To verify the accuracy of our results, we generated 10 6 random sequences for different parameter settings and compared the empirical energy means and their standard deviations to the values predicted by Results 3 and 4 (the standard deviation is the square root of the variance). Our formulas agree very well with the simulation results. Approximating the quadratic dependence on the GC-content by a linear polynomial leads to errors of at most 1% in these cases. Table 3 gives some examples.
We point out, however, that the standard deviation of the energy that we compute refers only to the variance of the probabilistic sequence model. We have ignored the fact that the energy parameters are derived from empirical measurements and also contain uncertainties, leading to additional variation. Standard errors of these measurements are described Allawi and SantaLucia (1997) . SantaLucia and Turner (1997) have analyzed how these errors propagate through the NN model.
DISCUSSION AND CONCLUSION
We have combined a random oligonucleotide model that generates typical oligos for a given length and GC-content with the NN model and obtained explicit formulas for expectation and variance of the Gibbs free energy of oligonucleotide duplex formation as a function of the sequence model parameters and the reaction conditions. Our formulas allow easy analytic calculation of rates of energy change, such as for an infinitesimal increment of average GC-content, i.e. ∂E [G θ ]/∂γ . We can also easily answer questions such as 'when we increase the temperature by 5 K, how we must change the salt concentration to obtain the same average stability? Does this then increase or reduce the variance of the stability?' Such questions frequently arise during primer design (e.g. Haas et al., 1998 , among many others) and oligonucleotide selection for microarrays. For example, the Promide (short for Probe selection and microarray design) software (described in (Rahmann, 2002 (Rahmann, , 2003 and available from http://oligos.molgen.mpg.de) asks the user to specify the reaction conditions τ and σ and to specify a range for the probe length and for their desired stability ( G) values. Our results may be used to optimize the parameters or find good combinations of parameters, according to the GC-content γ of the organism under examination.
Our results might also be useful in the field of DNA computation. There is a growing interest in using molecules, such as oligonucleotides ('DNA words') to perform certain kinds of computations. For maximum efficiency, the employed sets of oligonucleotides must be optimized with regard to physical and thermodynamic parameters (Winfree et al., 1996) . Our results might be used to rapidly assess whether certain combinations of oligonucleotide properties and reaction conditions are suitable.
